By means of the multicomponent Shan-Chen lattice Boltzmann method (LBM), we investigate the multiphase flow through porous media. Despite the excellent accuracy of the LBM, large domains result in unaffordable computational expenses. The Hybrid model developed in this study is based on a pore-network (PN) approach that enhances a decomposition of the granular assembly into small subsets (pore throats). Lattice Boltzmann simulations are performed for each pore throat to determine the hydrodynamic properties (entry capillary pressure, primary drainage curve, liquid morphology, etc) at the microscale. The local properties obtained with LBM are incorporated at the network to solve the larger-scale problem. This strategy leads to a significant decrease of the computation time at the sample-scale compared to a fully resolved method. Fluid morphology and phase distribution are evaluated during the drainage of a small granular assembly using the Hybrid model (PN-LBM). Results are contrasted with those obtained in a fully resolved simulation (LBM). The agreement between the two models illustrates the capability of the Hybrid method, which combines the efficiency of the PN approach and the accuracy of the LBM at the pore scale.
INTRODUCTION
Fluid flow has a strong impact on the mechanical behavior of partially saturated granular systems. The hydromechanical response of partially saturated granular material has been studied by means of the Discrete Element Method (DEM) [1, 2] . Such works were restricted to low liquid content to ensure the pendular regime, where liquid is retained in the form of bridges between particles. When the liquid content is increased, pendular bridges coalesce forming complex liquid morphologies. At this point, the pendular regime is replaced by the funicular regime. Less attention has been devoted to examine the mechanism of wet materials during the funicular regime. Nowadays, three-dimensional images from X-ray tomography are a useful and common tool to characterize the fluid morphology in the porous medium [3] . Despite these recent advances, very few attempts have been carried out to obtain the details of the liquid distribution within the porous media [4, 5] .
Several modeling techniques can be adopted to reproduce the fluid displacement within the porous media. Macro-scale models are based on continuum descriptions of flow. These models incorporate the local fluctuations induced by the microscopic interactions between the fluids ensuring mass conservation. In spite of the low computational cost, macro-scale continuum models rely on empirical relations and information about constitutive properties is required. Micro-scale continuum models are fully resolved methods capable to simulate multiphase flow through complex geometries and do not rely on empirical relations. Even though these models have been proven successful to reproduce the physical phenomena at the different scales, they are computationally much more demanding. Lattice Boltzmann method (LBM) [6] , volume of fluid (VOF) method [7] or Lagrangian mesh-free methods [8] are examples of micro-scale continuum models employed in the analysis of multiphase flow through porous media. Finally, pore-scale models manage to reduce the high complexity of porous morphology by a discretization of the pore bodies and pore throats.
The multiscale method presented in this article is inspired in the pore-scale approach referred as "two-phase pore-scale finite volume-discrete element method" (2PFV-DEM) [9] . In this method, fluid displacement is controlled by the entry capillary pressure (p e c ). When the capllary pressure (p c ) exceeds the entry capillary pressure (p c > p e c ), the non-wetting phase passes through a narrow throat invading a pore body. p e c can be approximated by the Incircle method [10] , the Mayer-Stowe-Princen (MS-P) method [9] , or direct fluid simulations. The present Hybrid model follows the pore-scale decomposition scheme proposed by [11] and relies on LBM simulations to determine the main hydrostatic properties (p e c , liquid morphology, capillary pressure -saturation curves).
NUMERICAL METHODS

Lattice Boltzmann Method
A multicomponent multiphase Shan-Chen LB model [12] is implemented using the open source library of Palabos. The motion of a fluid is described by the lattice Boltzmann equation:
where the superscript ω denotes the ωth fluid, τ ω is the rate of relaxation towards local equilibrium, f ω,eq k is the equilibrium distribution function, ∆t is the time increment, e k are the discrete velocities which depend on the velocity model, in this work, D3Q19 (three-dimensional space and 19 velocities) model is adopted, and k varies from 0 to Q − 1 representing the directions in the lattice. The left-hand side of Eq. 1 corresponds to the streaming step, which describes the motion of the fluid particles between nodes, whereas the right-hand side stands for the collision step based on the Bhatnagar-Gross-Krook (BGK) approximation. The collision operator represents the evolution of the system towards the equilibrium.
The macroscopic density and momentum variables are recovered from the distribution functions:
In order to ensure a system of immisible fluids, a repulsive force between the fluid phases is introduced. According to [12] , the non-local force responsible for the fluid-fluid interaction can be expressed as:
where Ψ k is the interparticle potential that induces phase separation and G ωω is the interaction strength between components ω,ω.
Finally, the non-ideal equation of state can be expressed as:
where ρ ω and ρω are the densities of the fluids at a certain position and c s is the speed of sound.
PN-LBM Hybrid model 2.2.1 Pore-space decomposition
The pore-scale network employed in the present Hybrid method is based on the 2PFV-DEM scheme developed by [9] , which combines a three-dimensional triangulation method and DEM to model the hydro-mechanical behavior of unsaturated deformable granular materials. The triangulation of the pore space leads to a tetrahedral mesh whose vertices coincide with the centers of the spheres. Each tetrahedral element defines a pore body and four pore throats (see tetrahedral facets in figure 1a) . A 2D schematic diagram is included in figure 1b to illustrate the discretization of the void space. This technique is particularly convenient to describe the topology of the pore throats. 
Fluid displacement
The fluid front displacement and the possible combinations of fluid in the porous media are mainly controlled by the entry capillary pressure. Following the work of [13] , the displacement of the non-wetting phase is directly link to the capillary pressure. The interface curvature increases as the capillary pressure builds up following Laplace-Young equation. When the local capillary pressure is larger than the entry capillary pressure, the interface front becomes unstable and the non-wetting phase passes through the pore throat invading the pore body. According to [14] , the analysis of the capillary pressure and meniscus shape requires solving the Laplace-Young equation, a nonlinear, secondorder, partial differential equation which, can be numerically solved for very few 3-spheres configurations. Due to this limitation, it seems reasonable to consider other approaches that can predict the entry capillary pressure and liquid morphology. The pore space is decomposed into a series of throat-domains following a regular triangulation (see figure 2) . The decomposition leads to a list of pore throats that are solved independently. LBM simulation are performed for each pore throat to estimate the primary drainage curve, the entry capillary pressure and liquid morphology. The computation domain is a triangular-shaped prism defined by three solid walls orthogonal to the pore throat. Each of these solid boundaries passes through two of the spheres centers (two vertex of the triangle defined by the 3 spheres centers). The reader is directed to figure 2 for a more comprehensive review . The domain is enclosed by two triangles at the top and bottom of the prism representing the inlet and outlet sections of the LBM simulations. Figure 3d shows the evolution of a typical subset. In this case, the pore throat is formed by three equal-sized spheres in contact. The density of the nodes located in the inlet and outlet sections is adjusted to gradually increase the capillary pressure. Such increment induces the displacement of the interface (see figures 2c and figure 3 ).
The evolution of normalized capillary pressure (p * c = 2p c R γ , where γ is the surface tension, R is the radius of the spheres and p c is the capillary pressure) during the invasion is related to the change of volume of the wetting phase in figure 3d . Dimensionless volume is defined as:
, where V (t) is the volume at time t .
The entry capillary pressure (p e c ) is defined as the maximum value reached by p c during the invasion process. When the capillary pressure reaches the entry capillary pressure (p c = p e c ), the non-wetting phase penetrates into the pore body (see figure 3) . Immediately after the invasion, the interface meniscus expands leading to a reduction of the capillary pressure. This procedure is repeated for all the pore throats of the sample. Thus, p e c is determined for all the subdomains and incorporated into the global problem handled by the pore-network.
RESULTS
Flow through a 40 spheres granular assembly
This section presents the results of a drainage process in a 40 sphere granular assembly. A fully resolved LBM simulation has been performed and assumed as reference data. Then, results are compared with the Hybrid model.
Numerical setup
A random sphere pack is created by the open-source code YADE [15] . A cubic box of 10 mm x 10 mm x 10 mm is defined in which 40 polydisperse spheres are packed. The mean sphere radius is 1.26 mm. The following assumptions are made during the numerical simulations:
− Negligible gravitational forces. Initially, the granular assembly is completely saturated (see figure 5a -Full LBM). A porous membrane is located at the bottom of the sample in order to prevent the nonwetting phase to reach the outlet and ensure a complete drainage. The displacement of the interface is conducted by a fixed flow controlled by a pressure difference between the non-wetting reservoir (top of the sample) and the wetting reservoir (bottom of the granular assembly). The interface flows towards the bottom driven by the pressure gradient invading the largest pores at first, then, the non-wetting phase progressively occupies the pore spaces of the sample. Capillary pressure is increased and recorded until all the nodes above the porous plate are filled with the non-wetting phase (see figure 5d-Full LBM). At this moment, the remaining wetting phase is trapped in the granular assembly in form of liquid clusters. Figure 4 evidences the presence of pendular bridges and trimers (liquid cluster formed between three grains) in the sphere packing after the drainage. 
Invasion paths
The aim of the present section is to characterize the invasion path of the non-wetting phase through the porous media. Figure 5 captures the non-wetting pathways for different time steps for each method. The full LBM interface is shown as translucid blue isosurface and the wetting phase is depicted in blue for the Hybrid model in figure 5 . We remark the ability of Hybrid model to predict the first preferential path (identical intrusion are observed in figures 5b and 5c). As the drainage proceeds, the non-wetting phase keeps occupying the sample leaving behind some disconnected liquid clusters (see figure 5d ). Even though wetting phase trapped in the assembly is well represented with the Hybrid method, figure 5d suggests that there is a certain phase mismatch between the models in some regions.
It is worth mentioning that the CPU time for a complete drainage corresponds to 29.6 days for the full LBM. On the other hand, by using the Hybrid model, the computational cost is reduced down to 11.2 days.
CONCLUSIONS
Compared to a fully resolved method (in this work: LBM), the Hybrid model presented in this article provides more efficient results in terms of computation time. Results show that Hybrid method is able to mimic the interface displacement during the drainage of pore space with excellent accuracy.
This technique would probably have a stronger impact on a lager problem with thousands of pore throats. In parallel simulations with relatively small computational domains, the execution speed is multiplied by a factor two doubling the number of cores. Largescale problems that require the exploitation of massively parallel systems are frequently accompanied by a drop in efficiency. In the Hybrid method, however, the scalability is optimal. Due to the fact that each pore throat (small domains) are assignated to a single core, efficiency does not depend on the size of the granular assembly. Besides, some regions of the sample can be excluded from the simulation (empty pores and isolated cluster with no flux).
